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1. Introduction

In several works from the literature, ARMA (autoregressive moving average) (Box and Jenkins,
1970) models of the expected return are combined with GARCH-M (generalized autoregressive
heteroscedasticity in mean) (Engle et al., 1987). Some recent works that use ARMA-GARCH-
M models are Liu et al. (2011), Su et al. (2011) and Mohammadi (2017). Those papers show
that dynamic specifications in the mean may improve statistical performance and out-of-sample
forecast accuracy. Motivated by the results, this paper introduces the same type of model,
named QAR-EGARCH-M, to the body of literature on score-driven time series models, and its
statistical performance and predictive accuracy are studied in an econometric application.

The first contribution of this paper is to extend the recent EGARCH-M-2 (exponential
GARCH-M with long-run and short-run volatility components) model from the work of Harvey
and Lange (2018), by adding a score-driven dynamic parameter to the risk premium of returns on
financial assets. The extended model is named QAR-EGARCH-M (quasi-AR, QAR) (Harvey,
2013). In QAR-EGARCH-M, the filters in risk premium and log-scale (the latter is a non-
linear transformation of volatility) are updated by using the score function with respect to risk
premium and the score function with respect to log scale, respectively. Both one-component and
two-component versions of QAR-EGARCH-M are estimated, named QAR-EGARCH-M-1 and
QAR-EGARCH-M-2, respectively. The statistical inference and conditions of the asymptotic
properties of the maximum likelihood (ML) estimator are presented for QAR-EGARCH-M-2,
by using results from the literature on score-driven models. In relation to this first contribution,
the question to be answered in the empirical application case study of this paper is the following:
Are the statistical performance and predictive accuracy of QAR-EGARCH-M superior to the
statistical performance and predictive accuracy of EGARCH-M?

For the probability distribution of returns on financial assets, this paper considers the
Meixner (MXN) distribution (Schoutens, 2002), the exponential generalized beta distribution of
the second kind (EGB2) (Prentice, 1975), and the normal-inverse Gaussian (NIG) distribution

(Barndorff-Nielsen and Halgreen, 1977) alternatives. For those distributions all moments exist,



and for each of those distributions two shape parameters influence skewness and tail-thickness.
The one-component volatility models for those distributions are MXN-EGARCH-M-1, EGB2-
EGARCH-M-1 and NIG-EGARCH-M-1, respectively. The two-component volatility models for
those distributions are MXN-EGARCH-M-2, EGB2-EGARCH-M-2 and NIG-EGARCH-M-2,
respectively. The reason for the consideration of the MXN, EGB2 and NIG distributions for
QAR-EGARCH-M is that the score functions transform unexpected returns in similar ways: (a)
The score function with respect to risk premium that updates QAR, is an approximately linearly
increasing and asymmetric transformation of unexpected returns. (b) The score function with
respect to log scale that updates EGARCH in an asymmetric way, asymptotically Winsorizes
(e.g. Caivano and Harvey, 2014) unexpected returns.

The second contribution of this paper is to extend the MXN-EGARCH-1 model from the
work of Blazsek and Haddad (2020) to the QAR-MXN-EGARCH-M-2 model. This extension
involves the use of the score function with respect to location (that is, risk premium in this
paper) for the MXN distribution, which to the best of our knowledge is new in the literature
on score-driven models. The MXN distribution is an infinitely divisible distribution (as is the
NIG distribution), and for the MXN distribution the reader is referred to the following works:
Schoutens (2002), Grigoletto and Provasi (2008), Madan and Yor (2008), Bozejko and Demni
(2010) and Kawai (2012). In relation to this second contribution, the question to be answered
in empirical application of this paper is the following: Are the statistical performance and
predictive accuracy of QAR-MXN-EGARCH-M superior to the statistical performances and
predictive accuracies of QAR-EGB2-EGARCH-M and QAR-NIG-EGARCH-M?

Statistical performance is studied for five major stock market indices: Dow Jones Indus-
trial Average (DJIA), CAC 40 Index (FCHI), DAX Performance Index (GDAXI), Nikkei Index
(N225) and Amsterdam Exchange Index (AEX). The estimation window includes weekly data
for the period of 19 October 1992 to 20 January 2020 for all indices. The choice of these specific
stock indices in the application case study is motivated by the literature on financial applications

of the MXN distribution in the works of Schoutens (2002) and Grigoletto and Provasi (2008).



The use of weekly data frequency is motivated by the work of Harvey and Lange (2018) for the
estimation of the EGARCH-M-2 model. The empirical results indicate that the use of QAR
improves in-sample statistical performance for several indices and the improvement is the most
significant for the MXN distribution. This latter finding indicates that the separation of risk
premium and volatility dynamics is probably the most effective for the MXN distribution.

Predictive performance is studied for DJIA. The full data window is divided into an ini-
tial estimation window and the forecasting window. One-step ahead forecasts of volatility are
estimated by using the rolling-window forecasting approach. Each rolling estimation window in-
cludes 1,000 observations (approximately 19.2 years) and the forecasting window includes weekly
data for the period of 19 December 2011 to 20 January 2020. The same proxy of true volatility is
used as in the work of Harvey and Lange (2018), that is, the square root of weekly realized vari-
ance. Six alternative loss functions are used in the analysis of predictive accuracy (Hansen and
Lunde, 2005; Patton, 2011; Harvey and Lange, 2018), and predictive accuracies are compared
by using the Diebold-Mariano test (Diebold and Mariano, 1995). The results on forecasting
greatly support the use of QAR-MXN-EGARCH-M for financial investors and risk managers,
since: (a) QAR-EGARCH-M is always superior to EGARCH-M; (b) QAR-MXN-EGARCH-M
is always superior to QAR-EGB2-EGARCH-M and QAR-NIG-EGARCH-M.

The remainder of the paper is organized as follows: Section 2 reviews the relevant literature.
Section 3 describes the dataset. Section 4 presents the QAR-EGARCH-M-2 model. Section 5
presents the statistical inference and the results on statistical performances. Section 6 presents
the forecasting method and the results on predictive accuracies. Section 7 concludes.

2. Literature review

The relationship between risk premium and volatility of financial assets have been extensively
studied in the literature for several decades. The econometric applications significantly improve
after the work of Engle et al. (1987), in which the ARCH-M model is introduced. In ARCH-M,
both risk premium and volatility are time-varying, and the model can represent the compensa-

tion (risk premium) required by risk averse investors for holding risky financial assets. ARCH-M



is an extension of the ARCH model (Engle, 1982), as the risk premium is directly influenced by
volatility in the return equation of ARCH-M. Subsequent dynamic models of volatility from the
literature, for example, GARCH (Bollerslev, 1986), EGARCH (Nelson, 1991) and the stochastic
volatility (SV) model (Harvey et al., 1994; Taylor, 1994), are also extended and include volatility
in the risk premium of financial assets. Nevertheless, as reported by Harvey and Lange (2018),
the results on the sign and the significance of the volatility parameter in risk premium are in-
conclusive in the literature (e.g. French et al., 1987; Turner et al., 1989; Nelson, 1991; Campbell
and Hentschel, 1992; Glosten et al., 1993).

As the often experienced long memory behaviour of conditional volatility (e.g. Harvey, 2013;
Janus et al., 2014) causes problems for effective statistical estimation, two-component models of
volatility are suggested in the literature as a possible solution. For example, Engle and Lee (1999)
introduce the two-component GARCH model and Alizadeh et al. (2002) suggest the practical
use of two-component SV models. In those models, volatility is the sum of long-run and short-
run components, in which the short-run component measures a temporal variation in volatility
after an extreme observation. An advantage of the use of two-component volatility models is
that they approximate long memory behaviour of time series (Harvey, 2013). Another advantage
of the two-component volatility models is flexibility: (a) Different leverage effects (Black, 1976;
Glosten et al., 1993) may be used in the long-run and short-run volatility components. (b) Both
long-run and short-run volatility components may be included in the risk premium. According
to the literature, the statistical performance and predictive accuracy of two-component volatility
models may be superior to those of one-component volatility models.

The work of Harvey and Lange (2018) is extended in this paper, thus presenting the most
direct relation between the present paper and the body of literature. The paper of Harvey and
Lange (2018) is motivated by the inconclusive empirical results of ARCH-M-type volatility mod-
els and by the effective statistical opportunities that are offered by the two-component volatility
models. The authors present score-driven EGARCH-M models with two-components and lever-

age effects (EGARCH-M-2) for the Student’s ¢-distribution and the skewed ¢-distribution. For



those models, the conditions of the asymptotic properties of the ML parameter estimates are also
presented. Those authors also study the in-sample statistical performance and out-of-sample
volatility predictive accuracy, by using weekly National Association of Securities Dealers Auto-
mated Quotations Index (NASDAQ), Nikkei Index (N225) and Standard & Poor’s 500 Index
(S&P 500) log-return data. Harvey and Lange (2018) compare volatility predictive accuracy
to an extended version of the benchmark GARCH model of Engle and Lee (1999), for which
the Student’s t-distribution for the error term and leverage effects for both long-run and short-
run volatility components are considered. The results of Harvey and Lange (2018) support
the asymptotic properties of the ML estimates and indicate that the predictive performance of
EGARCH-M-2 is superior to GARCH with two volatility components.

The score-driven EGARCH-M model of Harvey and Lange (2018) belongs to the recent and
growing literature on score-driven time series models. That body of literature begins with the
seminal works of Creal et al. (2008), Harvey and Chakravarty (2008), Creal et al. (2013)
and Harvey (2013). Creal et al. (2013) name those models as generalized autoregressive score
(GAS) models and Harvey (2013) names them as dynamic condition score (DCS) models. In
the GAS/DCS framework, each dynamic parameter is driven by a partial derivative of the
log conditional density of the dependent variables with respect to a time-varying parameter
(hereinafter, score function). Thus, GAS/DCS models are observation-driven time series models
(Cox et al., 1981). GAS/DCS models use optimal filters according to the Kullback-Leibler
divergence measure (Blasques et al., 2015), and the conditions of the asymptotic properties of
the ML estimator are incorporated into many GAS/DCS models (Harvey, 2013).

In relation to the present paper, the most relevant volatility models from the GAS/DCS liter-
ature are: Beta-t--EGARCH (Harvey and Chakravarty, 2008); GED-EGARCH (general error dis-
tribution EGARCH) (Harvey, 2013); Beta-Skew-t-EGARCH (skewed ¢-distribution EGARCH)
(Harvey and Sucarrat, 2014); EGB2-EGARCH (exponential generalized beta distribution of the
second kind EGARCH) (Caivano and Harvey, 2014); Beta-Skew-Gen-t-EGARCH (skewed gen-
eralized t-distribution EGARCH) (Harvey and Lange, 2017); NIG-EGARCH (normal-inverse



Gaussian distribution EGARCH) (Blazsek et al., 2018); MXN-EGARCH (Meixner distribution
EGARCH) (Blazsek and Haddad, 2020).

3. Data and summary statistics

The empirical analyses in the present paper are based on weekly log-returns y; = 100x1In(p;/p;_1)
for five major stock market indices: DJIA, FCHI, GDAXI, N225 and AEX (see the definitions of
these tickers in Table 1). The choice of these specific stock indices is motivated by the literature
on financial applications of the MXN distribution. The work of Schoutens (2002) uses daily
Nikkei 225 log-return data for the period of 1997 to 1999 and daily S&P 500 log-return data for
the period of 1970 to 2001. The work of Grigoletto and Provasi (2008) uses weekly AEX, DJIA,
FCHI, GDAXI and S&P 500 log-return data for the period of January 2002 to December 2006.
For the United States the use of DJIA is chosen in the present paper, instead of S&P 500. Thus,
stock indices of the following five countries are studied: United States, France, Germany, Japan
and Netherlands. The source of the dataset of this paper is Yahoo Finance. The use of the
weekly data frequency is motivated by the work of Harvey and Lange (2018) for the estimation
of score-driven EGARCH-M models. Furthermore, log-returns are used for all indices instead
of log-excess returns on the risk-free rate, because risk-free rate data are not available for all
countries of this paper.

For all indices the same data period is used in this paper, in order to make the statistical
results more comparable. The start of the data period is determined by data availability. AEX
has the shortest available data period from Yahoo Finance, which defines the sample period of
this paper. Descriptive statistics are reported in Table 1. The skewness and excess kurtosis esti-
mates indicate skewed and fat-tailed probability distributions for log-returns, respectively. The
non-zero corr(ys, y;—1) estimates indicate possible serial correlation in the mean. The negative
corr(|ye|, yr—1) estimates indicate leverage effects in volatility. The Shapiro-Wilk test (Shapiro
and Wilk, 1965) of normal distribution rejects normal distribution of weekly log-return for all
assets (the same results are obtained for alternative tests of the normal distribution), which

motivates the consideration of skewed and fat-tailed probability distributions.



4. Model specification
The QAR-EGARCH-M-2 model for y; = 100 X In(p;/p;—1) of a financial asset is:

Yr = e +exp(A)er = ¢+ piy + kL exp(ALe) + Ks exp(As) + exp(Me)e (1)
i = Oy + YUy (2)
At =w+ ALy + Asy (3)
ALt = BrAv—1 4+ apuy—1 +arsgn(—e_1)(ur—1 + 1) (4)
Ast = PsAg -1 + agun—1 + ogsgn(—e_1)(ure—1 + 1) (5)
for weeks t = 1,...,T, where pre-sample data are used for py. This model is a direct extension

of the two-component EGARCH-M model from the work of Harvey and Lange (2018). Dynamic
parameters p; and \; represent the risk premium and log-scale of returns, respectively. Moreover,
¢, is specified according to the MXN, EGB2 and NIG distributions that are presented in the
following sections. The mean of ¢ is not zero for these probability distributions, thus the mean
of log-returns is not ;. In this paper, the unconditional mean of ¢; is not subtracted from e,;
unlike in the work of Harvey and Lange (2018). Nevertheless, our approach does not cause any

problems for the statistical inference, as expected returns are simultaneously determined by the



parameters within p; and by the shape parameters of ¢;. The conditional mean of y; is reported
in the following sections for each probability distribution, in which the conditional volatilities o,
are also reported. The shape parameters of MXN, EGB2 and NIG specify skewed and fat-tailed
log-return distributions, as in the works of Harvey and Sucarrat (2014) and Harvey and Lange
(2018), in which the skewed t-distribution is used, and in the work of Harvey and Lange (2017),
in which the skewed generalized t-distribution is used.

Component g from the risk premium is specified according to the QAR(1) model (Har-
vey, 2013) and it measures a particular serial correlation in the mean that is not captured by
EGARCH-M-2. If this component is significant, then the overall model performance is improved.
As a consequence, practitioners may obtain benefits from the improved volatility prediction ac-
curacy. The score function u,; that updates p; is defined in the following sections for each
probability distribution. For this component it is required that ¢) # 0 (Harvey, 2013).

In this model, Ar; and Ag: represent the long-run and short-run volatility components,
respectively. For these components f, > fs, ar, # 0, ag # 0, af # 0 and af # 0 are required
(Harvey and Lange, 2018). Parameters k1, and kg measure the effects of long-run and short-run
volatility components, respectively, on the risk premium. Parameter ki, is positive according
to the inter-temporal capital asset pricing model (ICAPM) (Merton, 1973), and parameter xg
might be negative due to a ‘news effect’ (e.g. Chou, 1988; Schwert, 1989). Parameters aj
and «af measure leverage effects on long-run and short-run volatility components, respectively
(Harvey, 2013). The score function wuy; that updates both volatility components is defined in
the following sections.

The following special cases of QAR-EGARCH-M-2 are also estimated in this paper: (a) Under
the restriction Ag; = 0, the one-component QAR-EGARCH-M-1 model is obtained. (b) Under
the restriction pf = 0, the two-component EGARCH-M model of Harvey and Lange (2018) is
obtained (EGARCH-M-2). (c) Under the restrictions p; = 0 and Ag; = 0, the one-component
EGARCH-M model of Harvey and Lange (2018) is obtained (EGARCH-M-1).



4.1. MXN distribution
For this alternative, the error term has the MXN distribution ¢, ~ MXNJ0, 1, 7tanh(d;), exp(ds)],
where 0; and d5 are shape parameters that take values from the set of real numbers, and influence

tail-heaviness and skewness. The log conditional density is given by:

In f(ylyr, - y-1;0) = =\ + 2exp(dz) In {2cos[rtanh(d;)/2]} — In(27) (6)

—InT{2exp(d2)} + mtanh(d;)e; + 21In [[exp(da) + i€

where O represents all time-constant model parameters, cos(x) is the cosine function and i is
the imaginary unit. The following function is defined: g(\;) = ['lexp(da) + i(y; — pue) exp(—Ny)],
where ); is a real number. Under this notation dln |[g(\)|/0N: = Relg’(A:)/g(A\t)], where Re(z)
is the real part of complex number z. Since IV(z) = I'(2)¥(©)(z), where ¥ (z) is the digamma

function, the score functions w,; and w4, respectively, are:

oln f(yelvya, -+, yi-1;©) B mtanh(d;) ) ) )
Oy exp(Ay) ’ exp(Ar) bl (da) e "
1 R TARE
Uﬂ,t _ a nf(yt|y1a s Yt—1, @) x eXp(2)\t) (8)

O

oln f(yelyr, - ye—1;©)
O\

= uy¢ = 2Re {—z’et\Il(O) lexp(da) + iet]} — mtanh(d;)e; — 1 9)

The use of uy ¢ for the MXN distribution has already been suggested in the work of Blazsek and
Haddad (2020) for score-driven MS-EGARCH models with leverage effects, but to the best of or
knowledge the use of u,, ; for the MXN distribution is new in the literature on GAS/DCS models.

The above definition of the updating term provides the framework of QAR-MXN-EGARCH-M-2.
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In Figures 1(a-b), the non-linear transformation of ¢, is presented for DJIA. Score function u,,,
uses an approximately linearly increasing transformation of ¢; that is asymmetric as |e;| — oo.
Score function wuy; uses an asymptotic Winsorizing of ¢, that is asymmetric as |¢;| — oo. The

conditional mean and conditional volatility of y; are given by:

E(yt|y1a cen ayt—l) = + eXp()\t + 52)tan[7rtanh(51)/2] (10)

o = o(y ) = exp(A; + 02) "
: Yelyn, -+ -5 Y1 cos[rtanh(dy)] + 1

Equation (11) defines the one-step ahead volatility forecasting formula.

4.2. EGB2 distribution

For this alternative, the error term has the EGB2 distribution ¢, ~ EGB2[0, 1, exp(d;), exp(dz)],
where 0; and 5 are shape parameters that take values from the set of real numbers, and influence

skewness and tail-heaviness. The log conditional density is given by:
In f(yelya, .- 9i-1;©) = exp(d1)er — Ay — InT'[exp(dy)] (12)

—InT'[exp(ds)] + InT'lexp(d1) + exp(d2)] — [exp(d1) + exp(ds)] In[1 + exp(e;)]

Score functions u,; and uy; are, respectively, given by:

oln f(yelyr, - - ye—1;©)

o — g x (U exp(61)] + U0 [exp(da)]} exp(2A,) (13)

= (U foxp(6)] + 00 ()] expv) { fexp(6) + exp(G] P~ exp(a) b (14

11



oln f(yelyr, - ye—1;©)
O\

€ exp(€;)
exp(e) + 1

= uns = [exp(d1) + exp(d2)] —exp(dy)e — 1 (15)

The above definition of the updating term provides the QAR-EGB2-EGARCH-M-2 model. In
Figures 1(c-d), the non-linear transformation of ¢ is presented for DJIA. Score function w,,;
uses an approximately linearly increasing transformation of ¢, that is asymmetric as |e;| — oo.
Score function wuy; uses an asymptotic Winsorizing of ¢, that is asymmetric as |¢| — oo. The

conditional mean and conditional volatility of y, are given by:

E(ylyr, - y-1) = e + exp(Ae) {‘I’(O) [exp(d1)] — w© [eXP(52)]} (16)

o = alwlyr, - vi1) = exp(r) {UD[exp(61)] + U D exp(dy)]} (17)

Equation (15) defines the one-step ahead volatility forecasting formula.

4.3. NIG distribution

For this alternative, the error has the NIG distribution ¢, ~ NIG|0, 1, exp(d;), exp(d;)tanh(ds)],
where 0; and 5 are shape parameters that are real numbers, and they influence tail-heaviness

and skewness; the skewness parameter is exp(d;)tanh(dy). The log conditional density is:
I f(ely, - Y13 ©) = 61 — A — In(7) + exp(6;)[1 — tanh?(5,)]*/2 (18)

1
+ exp(d; )tanh(dy )€, 4+ In KD [exp(él)\/ 1+ e%} ~5 In(1+€)

where K9 (z) is the modified Bessel function of the second kind of order j. Score functions w,,
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and uy, are, respectively, given by:

oln f(yelyr, -, y1-1;©) _

€t

—exp(d; — A\¢)tanh(dy) +

Oy exp(Ae)(1 + €)

exp(01 — M)y KO [exp(51) 1+e } + K® [exp 1+ et}
+ X

V1+e€ 2KM) [exp (1) \/1+6t:|

oln f(yelyr, ..., yi—1;0)

2\
o X exp(2A;)

Upt =

2
uye = —1 — exp(dy)tanh(dy)e; +

1t
1+ €
exp(01)€; » K© [eXp((Sl) 1+e } + K® [exp 1+ et]

V1t 2K [exp (01) \/l—i-et}

+

(19)

(20)

(21)

The above definition of the updating term provides the framework of QAR-NIG-EGARCH-M-2.

In Figures 1(e-f), the non-linear transformation of ¢, is presented for DJIA. Score function u,,

uses an approximately linearly increasing transformation of ¢; that is asymmetric as |e;| — oo.

Score function wuy; uses an asymptotic Winsorizing of ¢, that is asymmetric as |¢;| — oo. The

conditional mean and conditional volatility of y, are given by:

exp(A;)tanh(dy)
[1 — tanh?(8,)]1/2

E(yt|y1a cee ayt—l) = [t +

exp(2\; — 1) }1/2

or=0o(Wlyr, - 1) = {[1 — tanh®(d,)]%/2

Equation (23) defines the one-step ahead volatility forecasting formula.
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5. In-sample estimation and results
5.1. Statistical inference
QAR-EGARCH-M-2 and its special cases are estimated by using the ML method, as follows:

T
Oy, = arg max LL(y1,...,yr;©) = arg mngln felya,s o ye-1;0O) (24)

t=1

All estimations are performed numerically, by using alternative start values of parameters to
find a global maximum. In the maximization of the LL function, the convergence tolerance for
gradient is 107° for all parameters. The numerically estimated inverse information matrix is used
for the estimation of the standard errors of éML. Standard errors of transformed parameters
are computed by using the delta method (e.g. Davidson and MacKinnon, 2004).

The following derivatives are defined (Harvey, 2013):

3u t
X, = ot 2
t=0+Y e (25)
o « a'LL)\,t
Xt = B+ o + ofsgn(—¢)] B\ (26)
t
o « 811/)\715
Xt = Bs + [ag + agsgn(—¢;)] a (27)
t

The following conditions of the consistency and asymptotic normality of ML are based on Harvey
(2013), Blasques et al. (2018), Harvey and Lange (2018) and Ayala et al. (2019):

Condition 1 is that the unconditional variances of X, ;, Xt ;, Xs;, u,; and uy, are finite,
and that the unconditional mean of each product that is formed by all possible pairs of those

variables is also finite. Condition 2 is that Cy, = |¢| < 1, Cor, = || < 1 and Cyg = |fFs| < 1.

14



Condition 3 is that Cs, = E(X?,) < 1, C51 = E(X?,) < 1, C5s = E(X3,) <1, C5.1 =
|E(Xai XLy <1, Csus = |E(Xi1 Xsy)| < 1and Csp5 = |[E(X1L:Xs,)| < 1. Condition 4 is that
Cy = E(In|X,,]) <0, Cyp, = E(In|X1,]) < 0and Cys = E(In|Xg¢|) <0.

Conditions 2 to 4 are empirically estimated ex-post. For all conditions, partial derivatives
are numerically computed and expected values are estimated by using the sample average.

5.2. Estimation results

Statistical performance of all models is measured by using the following likelihood-based model
selection metrics: LL, Akaike information criterion (AIC), Bayesian information criterion (BIC)
and Hannan—Quinn criterion (HQC) (e.g. Hamilton, 1994; Davidson and MacKinnon, 2004).
The estimates of these metrics for all indices and models are presented in Table 2. The results
indicate that: (a) For some indices QAR-EGARCH-M is superior to EGARCH-M (this is shown
by using bold numbers in Table 2). (b) For some indices the MXN distribution is superior to
the EGB2 and NIG distributions (this is shown by using 1 in Table 2). The joint superiority
of MXN and QAR is clear for DJIA, FCHI, GDAXI and AEX, but the opposite may be true
for N225. These results suggest that the consideration of the MXN distribution and the QAR
extension of EGARCH-M are likely to improve statistical performance.

The parameter estimates and estimates of the ML conditions for MXN-EGARCH-M-1 and
MXN-EGARCH-M-2 are presented in Table 3. The same statistics for QAR-MXN-EGARCH-
M-1 and QAR-MXN-EGARCH-M-2 are presented in Table 4. Furthermore, the same estimates
for the EGB2 and NIG distributions are presented in the Appendix.

The effect of the long-run volatility component on the risk premium is positive for almost all of
the cases, which supports ICAPM. The effect of the short-run volatility component on expected
return is significantly negative in several cases, which supports the theories of Chou (1988) and
Schwert (1989), and which is similar to the empirical findings of Harvey and Lange (2018) for
NASDAQ and N225. Both long-run and short-run volatility components are significant for all
cases (i.e. ag, or of is significant and ag or of is significant for all cases). In Figure 2, the long-run

and short-run volatility components are presented for all indices for QAR-MXN-EGARCH-M-2.
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In most of the cases the leverage effect parameter is more important for the short-run volatil-
ity component than for the long-run volatility component, as suggested by the work of Engle and
Lee (1999). The QAR component is significant for all indices besides N225. For some indices,
only 1 is significantly different from zero within QAR and ¢ is non-significant. In Figure 3, the
evolution of QAR is presented for all indices for QAR-MXN-EGARCH-M-2.

The estimates of Conditions 2 to 4 are always in accordance with the boundaries, indicating
that those conditions are satisfied (Tables 3 and 4; Appendix).

6. Out-of-sample forecasting and results

6.1. Forecasting method

To further motivate the practical use of QAR-MXN-EGARCH-M, the following out-of-sample
volatility forecasting exercise is performed. The full data window is divided into an initial
estimation window (19 October 1992 to 12 December 2011; 1,000 weekly observations) and the
forecasting window (19 December 2011 to 20 January 2020; Ty = 423 weekly observations).
One-step ahead forecasts of volatility are computed, by using the rolling-window forecasting
approach. For one-step ahead volatility forecasting, o; is computed by using Equations (11),
(17) and (23) for the MXN, EGB2 and NIG distributions, respectively. As a model-independent
proxy of true volatility o}, the square of the weekly realized variance is used, in the same way
as in the work of Harvey and Lange (2018). The source of data for realized variance is the
Oxford-Man Institute (OMI) of Quantitative Finance. For o), variable ‘rv5’ is downloaded
from: https://realized.oxford-man.ox.ac.uk. Motivated by the works of Hansen and Lunde

(2005), Patton (2011) and Harvey and Lange (2018), the following six loss functions are used:

MSE; = 77! 3207, (07 — 00)? MSE, = T/ 507, [(07)? — 072

. . 2
QUIKE = 7 3207, {9 —m || 1} rPLOG =77 o, {m |81 (28)
MAE, = T, ' Y7 o — o MAE, = ;7' 52,2, [(07)? — o2

Comparison of predictive accuracy is performed by comparing the estimates of the loss functions

and by using the Diebold—Mariano test of out-of-sample predictive accuracy.
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6.2. Forecasting results
Tests of predictive accuracy are performed for EGARCH-M-1 and QAR-EGARCH-M-1, by
focusing on DJIA (Table 5). Only one-component volatility models are considered for one
stock market index, because of the reliability and speed of the rolling window-based forecast-
ing approach for one-component models. Nevertheless, the differences between predictive ac-
curacies of EGARCH-M and QAR-EGARCH-M for alternative probability distributions can
be studied by using this exercise. In Table 5, the loss functions for the forecasting period
and the Diebold-Mariano test results are presented. The results are striking: (a) The loss
function of QAR-MXN-EGARCH-M-1 is always lower than the loss functions of QAR-EGB2-
EGARCH-M-1 and QAR-NIG-EGARCH-M-1. (b) The loss functions of QAR-MXN-EGARCH-
M-1, QAR-EGB2-EGARCH-M-1 and QAR-NIG-EGARCH-M-1 are always lower than the loss
functions of MXN-EGARCH-M-1, EGB2-EGARCH-M-1 and NIG-EGARCH-M-1, respectively.
The Diebold-Mariano test supports these conclusions for most of the loss function alternatives.
These results indicate that the use of the non-linear QAR component in the risk premium,
not only significantly improves overall statistical performance, but it also significantly improves
predictive accuracy of volatility. This is the main message of this paper for practitioners.
7. Conclusions
The recent work of Harvey and Lange (2018) is extended in the present paper, by adding a
QAR dynamic parameter into the risk premium of financial assets. Three alternative probability
distributions are used for the extended model: MXN, EGB2 and NIG. The use of the location
score function for the MXN distribution is new in the GAS/DCS literature. The consideration
of the MXN, EGB2 and NIG distributions is motivated by the fact that the score functions
corresponding to these distributions transform unexpected returns in similar ways. Conditions
of consistency and asymptotic normality of the ML estimator are presented, by using existing
results from the literature on GAS/DCS models. The EGARCH-M-1 and EGARCH-M-2 models
of Harvey and Lange (2018) are estimated and are compared to the new QAR-EGARCH-M-1
and QAR-EGARCH-M-2 models for the MXN, EGB2 and NIG probability distributions.

17



Control data are used for five major stock indices: DJIA, FCHI, GDAXI, N255 and AEX.
For EGARCH-M-1 and EGARCH-M-2, our results are similar to the results from the work of
Harvey and Lange (2018). Firstly, the short-run volatility component has a negative effect on
the risk premium for several cases. Secondly, the long-run volatility component has a positive
effect on the risk premium for almost all of the cases. The results are also in accordance with
the relevant literature (e.g. Chou 1988; Schwert 1989). Thirdly, the leverage effects are more
significant for the short-run volatility component than for the long-run volatility component.
This result is also in accordance with the results of Engle and Lee (1999). Fourthly, some of
the conditions of the ML estimator are estimated ex-post for all models and assets, and the
estimates never indicate failures of those conditions.

For the MXN distribution, the statistical performance metrics for DJIA, FCHI, GDAXI and
AEX suggest that QAR-EGARCH-M is superior to EGARCH-M, but the opposite seems to
be true for N225. For the EGB2 and NIG distributions, the results are mixed. These findings
suggest that the separation of risk premium and volatility dynamics is the most effective for
the MXN distribution. The results on out-of-sample predictive accuracy for rolling windows are
very similar for the MXN, EGB2 and NIG distributions. The focus of the forecasting exercise is
DJIA and only specifications with one volatility component are used. The forecast accuracy of
QAR-EGARCH-M-1 is significantly superior to the forecast accuracy of EGARCH-M-1 for all
probability distributions and the forecast accuracy of QAR-MXN-EGARCH-1 is significantly
superior to the forecast accuracies of QAR-EGB2-EGARCH-1 and QAR-NIG-EGARCH-1.

In summary, both the statistical performance and predictive accuracy results indicate that
the QAR-EGARCH-M extension of EGARCH-M is useful for practitioners and that this exten-
sion is especially beneficial when the MXN probability distribution is assumed for stock returns.
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Table 2(a). In-sample model performance for DJIA, FCHI and GDAXI

DJIA  MXN-EGARCH-M-1 QAR-MXN-EGARCH-M-1 MXN-EGARCH-M-2 QAR-MXN-EGARCH-M-2

LL —2.041561 —2.037623" —2.040030 —2.034886"
AIC 4.094366 4.0893011 4.096925 4.089448'"
BIC 4.123941 4.1262691 4.141287 4.141203%
HQC 4.105413 4.1031091 4.113495 4.108780F
DJIA EGB2-EGARCH-M-1 QAR-EGB2-EGARCH-M-1 EGB2-EGARCH-M-2 QAR-EGB2-EGARCH-M-2
LL —2.040959 —2.039835 —2.037208 —2.035059
AIC 4.093161 4.096537 4.088472 4.089795
BIC 4.122736 4.140898 4.125440 4.141550
HQC 4.104208 4.113106 4.102280 4.109127
DJIA NIG-EGARCH-M-1 QAR-NIG-EGARCH-M-1 NIG-EGARCH-M-2 QAR-NIG-EGARCH-M-2
LL —2.041072 —2.038717 —2.037241 —2.035060
AIC 4.093389 4.094299 4.088537 4.089797
BIC 4.122963 4.138661 4.125505 4.141552
HQC 4.104435 4.110869 4.102345 4.109129

FCHI  MXN-EGARCH-M-1 QAR-MXN-EGARCH-M-1 MXN-EGARCH-M-2 QAR-MXN-EGARCH-M-2

LL —2.336503 —2.332632 —2.336039 —2.329142
AIC 4.684249 4.679319% 4.688944 4.677961
BIC 4.713824 4.716287% 4.733305 4.729716
HQC 4.695296 4.693127% 4.705514 4.697292
FCHI EGB2-EGARCH-M-1 QAR-EGB2-EGARCH-M-1 EGB2-EGARCH-M-2 QAR-EGB2-EGARCH-M-2
LL —2.335963 —2.331268 —2.332220 —2.328754
AIC 4.683169 4.679401 4.678495 4.677185
BIC 4.712743 4.723762 4.715463 4.728940
HQC 4.694216 4.695971 4.692303 4.696516
FCHI EGB2-EGARCH-M-1 QAR-EGB2-EGARCH-M-1 EGB2-EGARCH-M-2 QAR-EGB2-EGARCH-M-2
LL —2.336118 —2.335401 —2.332284 —2.328657
AIC 4.683479 4.687667 4.678624 4.676990
BIC 4.713054 4.732029 4.715591 4.728745
HQC 4.694526 4.704237 4.692432 4.696322

GDAXI MXN-EGARCH-M-1 QAR-MXN-EGARCH-M-1 MXN-EGARCH-M-2 QAR-MXN-EGARCH-M-2

LL —2.359384 —2.356852 —2.351929F —2.3478971
AIC 4.730012 4.727759 4.720724% 4.715471%
BIC 4.759586 47647271 4.765085 4.767226%
HQC 4.741059 4.741568 4.737293% 4.7348021
GDAXI EGB2-EGARCH-M-1 QAR-EGB2-EGARCH-M-1 EGB2-EGARCH-M-2 QAR-EGB2-EGARCH-M-2
LL —2.359144 —2.352080 —2.356970 —2.348865
AIC 4.729533 4.721025 4.727994 4.717407
BIC 4.759107 4.765386 4.764962 4.769162
HQC 4.740579 4.737595 4.741802 4.736738
GDAXI NIG-EGARCH-M-1 QAR-NIG-EGARCH-M-1 NIG-EGARCH-M-2 QAR-NIG-EGARCH-M-2
LL —2.359126 —2.356171 —2.356826 —2.348361
AIC 4.729496 4.729208 4.727707 4.716399
BIC 4.759070 4.773570 4.764674 4.768154
HQC 4.740543 4.745778 4.741515 4.735730

Notes: Log-likelihood (LL); Akaike information criterion (AIC); Bayesian information criterion (BIC); Hannan—Quinn information
criterion (HQC). Bold numbers indicate superior model performance metrics, by comparing EGARCH-M and QAR-EGARCH-M.
indicates that the MXN distribution is superior to the EGB2 and NIG distributions.
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Table 2(b). In-sample model performance for N225 and AEX

N225 MXN-EGARCH-M-1 QAR-MXN-EGARCH-M-1 MXN-EGARCH-M-2  QAR-MXN-EGARCH-M-2
LL —2.410722 —2.409399 —2.405449F —2.404829
AIC 4.832687 4.832853 4.827764% 4.829334
BIC 4.862261 4.8698211 4.872125 4.881089
HQC 4.843734 4.846661 4.844334% 4.848665
N225 EGB2-EGARCH-M-1 QAR-EGB2-EGARCH-M-1 EGB2-EGARCH-M-2 QAR-EGB2-EGARCH-M-2
LL —2.409820 —2.404511 —2.408484 —2.403864
AIC 4.830885 4.825888 4.831023 4.827405
BIC 4.860459 4.870249 4.867991 4.879160
HQC 4.841931 4.842458 4.844831 4.846736
N225 NIG-EGARCH-M-1 QAR-NIG-EGARCH-M-1 NIG-EGARCH-M-2 QAR-NIG-EGARCH-M-2
LL —2.409960 —2.404624 —2.408652 —2.403211
AIC 4.831163 4.826115 4.831359 4.826098
BIC 4.860737 4.870476 4.868327 4.877853
HQC 4.842209 4.842685 4.845167 4.845429
AEX  MXN-EGARCH-M-1 QAR-MXN-EGARCH-M-1 MXN-EGARCH-M-2  QAR-MXN-EGARCH-M-2
LL —2.2445491 —2.241429 —2.2361561 —2.233126
AIC 4.500342f 4.496912 4.489178% 4.4859291
BIC 4.529916% 4.533880% 4.5335391 4.537684%
HQC 4.511388% 4.510720 4.5057471 4.505260%
AEX EGB2-EGARCH-M-1 QAR-EGB2-EGARCH-M-1 EGB2-EGARCH-M-2 QAR-EGB2-EGARCH-M-2
LL —2.244778 —2.236892 —2.241770 —2.233774
AIC 4.500799 4.490649 4.497594 4.487225
BIC 4.530373 4.535011 4.534562 4.538980
HQC 4.511845 4.507219 4.511402 4.506556
AEX NIG-EGARCH-M-1 QAR-NIG-EGARCH-M-1 NIG-EGARCH-M-2 QAR-NIG-EGARCH-M-2
LL —2.244598 —2.241134 —2.241555 —2.233549
AIC 4.500439 4.499133 4.497165 4.486774
BIC 4.530013 4.543495 4.534133 4.538529
HQC 4.511485 4.515703 4.510973 4.506106

Notes: Log-likelihood (LL); Akaike information criterion (AIC); Bayesian information criterion (BIC); Hannan—Quinn information
criterion (HQC). Bold numbers indicate superior model performance metrics, by comparing EGARCH-M and QAR-EGARCH-M. t

indicates that the MXN distribution is superior to the EGB2 and NIG distributions.
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Table 3. Parameter estimates and ML conditions; MXN-EGARCH-M-1 (A) and MXN-EGARCH-M-2 (B)

A. Parameters:

DJIA

FCHI

GDAXI

N225

AEX

c

—0.0844(0.1546)

—0.1953(0.2198)

—0.0437(0.2116)

—0.4187(0.3494)

0.1561(0.1560)

K1, 1.7961***(0.4099) 6.3973***(1.4972) 3.2755%**(0.8230) 2.0340***(0.5125) 1.8404***(0.5660)
w 0.3090*(0.1650) 0.7469***(0.1817) 0.7374***(0.1127) 1.0067***(0.1399) 0.5341***(0.1440)
BL 0.9126***(0.0157) 0.9465***(0.0123) 0.9130***(0.0189) 0.8908***(0.0261) 0.9538***(0.0114)
ar, 0.0662***(0.0118) 0.0718***(0.0098) 0.0840***(0.0125) 0.0569***(0.0107) 0.0693***(0.0091)
af 0.0259%*(0.0107)  —0.0213**(0.0093) 0.0002(0.0132)  0.0227***(0.0084) 0.0142(0.0100)
o1 —0.4067***(0.0546)  —0.4267***(0.0417)  —0.4094***(0.0472)  —0.2684***(0.0449)  —0.3959***(0.0485)
02 0.5284**(0.2630) 1.3562***(0.2018) 0.7425%**(0.2166) 0.3145(0.2443) 0.4859*(0.2645)
A. Conditions: DJIA FCHI GDAXI N225 AEX
Co, 0.9126 0.9465 0.9130 0.8908 0.9538
Cs 1, 0.6230 0.5400 0.5499 0.6430 0.6838
Cy, —0.3621 —0.3017 —0.3853 —0.2789 —0.2643
B. Parameters: DJIA FCHI GDAXI N225 AEX

c

—1.8771%** (0.5237)

0.0210(8.4713)

—3.2526** (0.7477)

0.9073(2.0391)

—1.2204***(0.4578)

KL 1.2267*%(0.3515) 6.1106%%(2.4822)  3.8888"**(1.1228) 1.6278**(0.6522)  1.7759***(0.6144)
ks 1.8750%**(0.5131) 0.1578(6.5876)  3.1693***(0.7617) —1.0582(1.8859)  1.2523"**(0.3775)
w 0.7846***(0.1776)  0.6720***(0.2162)  1.0054***(0.2052)  1.0190***(0.1494)  0.7898***(0.1973)
AL 0.9574***(0.0179)  0.9468***(0.0123)  0.9705***(0.0110)  0.9117***(0.0248)  0.9779***(0.0085)
Bs 0.7050***(0.0983)  0.9263***(0.0620)  0.5550***(0.1354)  0.7237***(0.1367)  0.6529***(0.0833)
oL 0.0603***(0.0182)  0.0785***(0.0165)  0.0543***(0.0118)  0.0628***(0.0217)  0.0626***(0.0100)
og 0.0057(0.0221) —0.0146(0.0128) 0.0289(0.0191) —0.0344(0.0248) —0.0351%(0.0183)
af —0.0036(0.0120)  —0.0236**(0.0116) —0.0123(0.0075) 0.0180(0.0145) —0.0030(0.0076)
aj 0.0600"** (0.0167) 0.0091(0.0090)  0.0469***(0.0179) 0.0335*(0.0173)  0.0858***(0.0149)
51 —0.3023***(0.0463)  —0.4330***(0.0423)  —0.4253***(0.0425)  —0.2375***(0.0439)  —0.3470"**(0.0484)
5o 0.0337(0.2350)  1.3524***(0.1971)  0.5756***(0.2123) 0.2359(0.2325) 0.2330(0.2286)
B. Conditions: DJIA FCHI GDAXI N225 AEX
Cor 0.9574 0.9468 0.9705 0.9117 0.9779
Cas 0.7050 0.9263 0.5550 0.7237 0.6529
Cs.1, 0.7510 0.5180 0.7396 0.6665 0.7660
Css 0.5020 0.9642 0.2658 0.6184 0.5580
CsL.s 0.5891 0.7012 0.3657 0.5954 0.5387
CuL —0.1513 —0.3316 —0.1406 —0.2475 —0.1451
Cus —0.4648 —0.0542 ~1.0277 —0.2889 —0.5208

Notes: Standard errors are reported in parentheses. *,

respectively.
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Table 4. Parameter estimates and ML conditions; QAR-MXN-EGARCH-M-1 (A) and QAR-MXN-EGARCH-M-2 (B)

A. Parameters:

DJIA

FCHI

GDAXI

N225

AEX

c

0.0049(0.1502)

—0.0610(0.1997)

0.0604(0.2033)

—0.9163*(0.5301)

0.1678(0.1521)

¢ —0.1958(0.2965) 0.0811(0.2849) 0.0949(0.3396)  0.8882***(0.0873)  —0.8438***(0.1002)
¥ —0.0742*%(0.0322)  —0.2055"**(0.0703)  —0.0853**(0.0365) 0.0246(0.0195) —0.0367*(0.0212)
KL 1.5232%%*(0.3523)  5.5561***(1.3320)  2.9058***(0.7606)  2.5200***(0.6166)  1.6787***(0.4901)
w 0.4448**%(0.1665)  0.8686***(0.1877)  0.8612***(0.1238)  0.9503***(0.1560)  0.5800***(0.1532)
AL 0.9190***(0.0159)  0.9518***(0.0117)  0.9236***(0.0185)  0.8794***(0.0283)  0.9539***(0.0116)
o, 0.0715**%(0.0120)  0.0728***(0.0097)  0.0872***(0.0123)  0.0518***(0.0113)  0.0716***(0.0094)
aof 0.0250**(0.0103)  —0.0201**(0.0088) —0.0017(0.0123)  0.0289***(0.0093) 0.0161*(0.0096)
51 —0.3818"**(0.0525)  —0.4270***(0.0401)  —0.4014***(0.0473)  —0.2784***(0.0459)  —0.3924***(0.0477)
5o 0.3279(0.2550)  1.1180***(0.1956) 0.5484**(0.2200) 0.3674(0.2543) 0.3643(0.2598)
A. Conditions: DJIA FCHI GDAXI N225 AEX
Cot 0.1958 0.0811 0.0949 0.8882 0.8438
Cor 0.9190 0.9518 0.9236 0.8794 0.9539
Cs.t 0.0137 0.0330 0.0311 0.7342 0.6438
Cs1, 0.6395 0.5847 0.5823 0.6466 0.6898
Csqi1, 0.0737 0.1439 0.1343 0.6360 0.6345
Cyr —2.3347 —1.7568 —1.7842 —0.1547 —0.2209
CuL —0.3208 —0.2597 ~0.3314 —0.2998 —0.2562
B. Parameters: DJTA FCHI GDAXI N225 AEX

c

1.0574(1.5037)

—1.4475(0.9200)

0.6055(0.9961)

1.1947(2.1775)

0.9396(0.7394)

) 0.5684*** (0.1246) 0.2587(0.2172)  0.4454***(0.1283) —0.5222(0.6104)  0.4475** (0.1568)
¥ —0.0788*%(0.0328)  —0.1092**(0.0452)  —0.1020***(0.0377) —0.0195(0.0207)  —0.0860***(0.0329)
KL 1.3018***(0.3176)  2.7549***(0.7567)  2.3199"**(0.5879)  1.6435***(0.6307)  1.3057***(0.4242)
Ks —0.9972(1.4876) 1.3301%(0.8021) —0.5923(0.9382) —1.3591(2.0518) —0.6633(0.6757)
w 0.6446***(0.1625)  0.9937***(0.1752)  1.0600***(0.1594)  1.0229"**(0.1473)  0.6131***(0.2069)
AL 0.94207**(0.0156)  0.9752***(0.0101)  0.9662***(0.0122)  0.9177***(0.0239)  0.9775***(0.0082)
Bs 0.5922***(0.1815)  0.6723***(0.1403)  0.5173***(0.1294)  0.7093***(0.1368)  0.4953***(0.1186)
oL 0.0707***(0.0116)  0.0545***(0.0113)  0.0633***(0.0106)  0.0597***(0.0190)  0.0601***(0.0088)
og —0.0094(0.0148) —0.0237(0.0200) —0.0072(0.0169) —0.0319(0.0225)  —0.0408**(0.0169)
af 0.0135(0.0114) —0.0078(0.0066) —0.0042(0.0079) 0.0168(0.0131) 0.0081(0.0081)
aj 0.0412°%(0.0178)  0.0621***(0.0159)  0.0747***(0.0163) 0.0353**(0.0166)  0.0873"**(0.0160)
5 —0.3224*%(0.0463)  —0.3391***(0.0486)  —0.3240***(0.0412)  —0.2358***(0.0440)  —0.3193***(0.0442)
82 0.0718(0.2361) 0.4516** (0.2089) 0.1999(0.2071) 0.2301(0.2292) 0.2203(0.2305)
B. Conditions: DJIA FCHI GDAXI N225 AEX
Cax 0.5684 0.2587 0.4454 0.5222 0.4475
Cor. 0.9420 0.9752 0.9662 0.9177 0.9775
Cas 0.5922 0.6723 0.5173 0.7093 0.4953
Cs. 0.4870 0.1368 0.3266 0.2369 0.3084
Cs.1, 0.6724 0.7718 0.7460 0.6836 0.7688
Cs.s 0.4407 0.5420 0.3478 0.5912 0.4185
Csu L 0.5796 0.3380 0.5200 —0.3906 0.5012
Cs.es 0.4010 0.2416 0.2739 —0.3565 0.2719
Cs.1.5 0.4682 0.5605 0.3949 0.5904 0.4128
(7 —0.3607 —0.9855 —0.5295 —0.7090 —0.5667
CuL —0.2203 —0.1296 —0.1534 —0.2301 —0.1539
Cus —0.5750 —0.4792 —0.8690 —0.3159 —0.8064

Notes: Standard errors are reported in parentheses. *,

respectively.
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Table 5. Out-of-sample volatility forecast performance for DJIA

A. Forecasting method: Start dates End dates

One-step ahead forecasts

Rolling-window approach

First estimation window 19 October 1992 12 December 2011
Forecasting window 19 December 2011 20 January 2020
B. Loss functions: MSE; MSEo QLIKE R2LOG MAE; MAE>
(M1) MXN-EGARCH-M-1 0.4511 18.5322 0.2810 0.7610 0.5370 1.8752
(M2) QAR-MXN-EGARCH-M-1 0.43807 18.4124"  0.2742% 073717  0.5262f 1.83591
(M3) EGB2-EGARCH-M-1 0.4623 18.9177 0.2844 0.7696 0.5428 1.9003
(M4) QAR-EGB2-EGARCH-M-1 0.4462 18.8165 0.2763 0.7396 0.5292 1.8508
(M5) NIG-EGARCH-M-1 0.4560 18.7399 0.2825 0.7636 0.5395 1.8865
(M6) QAR-NIG-EGARCH-M-1 0.4444 18.6357 0.2763 0.7423 0.5300 1.8526
C. Diebold-Mariano test: MSE; MSE»> QLIKE R2LOG MAE; MAE,
DM(M1-M2) 4.0635** 1.5733  3.9464***  3.2371***  5.7074***  5.3788***
DM(M3-M4) 3.7335%** 1.5999  3.9340***  3.1371***  4.6950***  5.1584***
DM (M5-M6) 4.4711%** 2.1781**  4.3166***  3.3870***  5.6752***  5.2745%**
DM(M4-M2) 1.3211 1.2467 1.7940* 2.4450** 2.0116* 1.6926*
DM(M6-M2) 1.5205 1.2747 2.4140**  3.4161***  2.9444*** 2.1806**

Notes: T indicates that the loss function estimate for MXN is lower than the loss function estimates for EGB2 and NIG. Bold
numbers indicate that the loss function estimate for QAR-EGARCH-M-1 is lower than the loss function estimate for EGARCH-M-1.

*, ** and *** indicate parameter significance at the 10%, 5% and 1% levels, respectively.
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Fig. 1(a). uy,t for QAR-MXN-EGARCH-M-2
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Fig. 1(c). uy,; for QAR-EGB2-EGARCH-M-2

—4.9 —4.1 -3.3 —2.5 —1.7 —0.9 —0.1 0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8

Fig. 1(c). uu,+ for QAR-NIG-EGARCH-M-2
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Fig. 1(b). uy for QAR-MXN-EGARCH-M-2
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Fig. 1(d). uy ¢ for QAR-EGB2-EGARCH-M-2

—49 —4.1 -3.3 —2.5 —1.7 —0.9 —0.1 0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8

Fig. 1(d). uy,¢ for QAR-NIG-EGARCH-M-2
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Fig. 1. Score functions as functions of €;; full sample estimates of shape parameters and A = 0 are used for DJIA

29



Fig. 2(a). Ar,; for DJIA Fig. 2(b). Ag,; for DJIA
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Fig. 2. Long-run and short-run volatility components; QAR-MXN-EGARCH-M-2
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Fig. 3(a). p; for DJIA
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Appendix

Table A1l. Parameter estimates and ML conditions; EGB2-EGARCH-M-1 (A) and EGB2-EGARCH-M-2 (B)

A. Parameters:

DJIA

FCHI

GDAXI

N225

AEX

c

—0.0908(0.1521)

—0.1837(0.2167)

—0.0224(0.2047)

—0.3876(0.3400)

0.1625(0.1513

( )
K1, 2.0315***(0.5365) 6.5564***(1.6426)  3.5713***(0.9609)  2.0201***(0.5548)  2.1969***(0.8241)
w 0.2773(0.2296) 1.5666***(0.2524) 0.9370***(0.2374) 0.6030***(0.1877) 0.5260(0.3288)
BL 0.9120***(0.0156) 0.9466***(0.0123)  0.9110***(0.0192)  0.8973***(0.0248)  0.9537***(0.0112)
ar, 0.0657***(0.0124) 0.0730***(0.0100)  0.0889***(0.0132)  0.0565***(0.0108)  0.0702***(0.0096)
af 0.0216*(0.0127)  —0.0226**(0.0099)  —0.0051(0.0148)  0.0217**(0.0087) 0.0089(0.0123)
01 0.2774(0.2439) 0.9466***(0.2077) 0.4304**(0.2080) 0.1800(0.2515) 0.3023(0.2511)
02 1.3711*%*(0.3319) 2.0914***(0.1998)  1.5089***(0.2475)  0.8432***(0.3213)  1.3412***(0.3367)
A. Conditions: DJIA FCHI GDAXI N225 AEX
Co, 0.9120 0.9466 0.9110 0.8973 0.9537
Cs 1, 0.6016 0.5290 0.5194 0.6514 0.6579
Cy, —0.3702 —0.3003 —0.3978 —0.2704 —0.2738
B. Parameters: DJIA FCHI GDAXI N225 AEX
c —1.8718***(0.5466)  —6.7009***(1.6519)  —3.3241***(0.7194) 0.9791(1.9666)  —1.1734**(0.4851)
K1, 1.2084***(0.3758)  6.9944***(1.7627)  4.1795°**(1.2507)  1.5138**(0.6279)  1.7329**(0.6824)
Ks 1.8886***(0.5342) 6.5227***(1.6666) 3.2595%**(0.7436) —1.0519(1.8230) 1.2214***(0.4033)
w 0.0280(0.2253) 1.5465***(0.2595) 1.0111***(0.2958)  0.4994***(0.1696) 0.3202(0.3070)
BL 0.9590***(0.0173) 0.9663***(0.0093) 0.9693***(0.0113)  0.9143***(0.0243) 0.9786***(0.0084)
Bs 0.6994***(0.1002) 0.4194**(0.2088) 0.5428***(0.1437)  0.7259***(0.1356) 0.6520***(0.0869)
ar, 0.0598***(0.0177) 0.0608***(0.0098) 0.0559***(0.0124) 0.0645***(0.0228) 0.0619***(0.0101)
ag 0.0066(0.0218) 0.0020(0.0203) 0.0299(0.0197) —0.0372(0.0257) —0.0334*(0.0188)
af —0.0032(0.0117)  —0.0220***(0.0075) —0.0137*(0.0081) 0.0184(0.0142) —0.0029(0.0080)
af 0.0588"** (0.0166) 0.0277(0.0202) 0.0437°%(0.0188)  0.0327*(0.0170)  0.0846***(0.0153)
o1 —0.1760(0.2465) 0.6751***(0.2007) 0.2488(0.2083) 0.1201(0.2389) 0.0145(0.2390)
02 0.5363*(0.3162) 1.9018***(0.1869) 1.3455%**(0.2332) 0.6835%*(0.2918) 0.8288***(0.3189)
B. Conditions: DJIA FCHI GDAXI N225 AEX
Co, 0.9590 0.9663 0.9693 0.9143 0.9786
Cas 0.6994 0.4194 0.5428 0.7259 0.6520
Cs 1, 0.7542 0.6242 0.7240 0.6657 0.7683
C3.5 0.4907 0.1848 0.2469 0.6289 0.5486
Cs1.s 0.5572 0.2792 0.3485 0.6009 0.5376
Cy1, —0.1481 —0.1884 —0.1459 —0.2495 —0.1417
Cys —0.4688 —1.1684 —1.0577 —0.2783 —0.5204

Notes: Standard errors are reported in parentheses.

respectively.
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Table A2. Parameter estimates and ML conditions; QAR-EGB2-EGARCH-M-1 (A) and QAR-EGB2-EGARCH-M-2 (B)

A. Parameters:

DJIA

FCHI

GDAXI

N225

AEX

c

0.0062(0.1478)

—0.0487(0.1981)

0.0804(0.1994)

—0.9296" (0.5245)

0.1775(0.1475)

® —0.2883(0.2904) 0.0655(0.2937) 0.0649(0.3715)  0.8916***(0.0828)  —0.8506***(0.0975)
" —0.0732"**(0.0240)  —0.0847***(0.0263)  —0.0628"*(0.0254) 0.0290(0.0195)  —0.0347**(0.0170)
KL 1.6244%%*(0.4359)  5.9995***(1.5592)  3.2505***(0.9343)  2.5752***(0.6640)  1.9746***(0.7174)
w 0.1301(0.2227)  1.4869***(0.2636)  0.8655***(0.2486)  0.6172***(0.1831) 0.4213(0.3150)
AL 0.9199***(0.0157)  0.9520%**(0.0117)  0.9205***(0.0188)  0.8848***(0.0270)  0.9542***(0.0113)
o 0.0702**%(0.0123)  0.0745***(0.0101)  0.0920***(0.0129)  0.0516***(0.0115)  0.0718"**(0.0096)
aof 0.0229%(0.0118)  —0.0227**(0.0095) —0.0072(0.0142)  0.0276***(0.0095) 0.0110(0.0119)
51 0.0891(0.2492)  0.7590***(0.2050) 0.2889(0.2133) 0.2263(0.2596) 0.1959(0.2552)
82 1.0645%%*(0.3446)  1.8946***(0.1944)  1.3350***(0.2649)  0.9295***(0.3376)  1.2101%**(0.3465)
A. Conditions: DJIA FCHI GDAXI N225 AEX
Cas 0.2883 0.0655 0.0649 0.8916 0.8506
Cor 0.9199 0.9520 0.9205 0.8848 0.9542
Cs. 0.1129 0.0664 0.0460 0.8017 0.7343
Cs1, 0.6334 0.5667 0.5489 0.6863 0.6687
Csu L 0.2345 0.0236 0.0261 0.6413 0.6798
Cas —1.4412 —1.9818 —2.1414 —0.1202 —0.1692
CuL —0.3177 —0.2620 ~0.3500 —0.2946 —0.2643
B. Parameters: DJTA FCHI GDAXI N225 AEX
c 1.0574(1.5037)  —3.6375***(1.3261) —1.0303(0.8381) 1.2436(2.0931) 1.1708(0.8018)
) 0.5684"** (0.1246) 0.0809(0.2873) 0.4081%*(0.1790)  —0.5087(0.6109) 0.3963"*(0.1618)
¥ —0.0788**(0.0328)  —0.0861***(0.0316)  —0.0926***(0.0308)  —0.0280(0.0281)  —0.1169***(0.0335)
KL 1.3018***(0.3176)  6.0476***(1.5585)  3.1776"*(0.9202)  1.5494**(0.6118)  1.2529***(0.4339)
ks —0.9972(1.4876)  3.5498"**(1.3422) 0.9507(0.7980)  —1.3369(1.9728) —0.8858(0.7434)
w 0.6446***(0.1625)  1.4132***(0.2704)  0.7485***(0.2826)  0.5023***(0.1695) 0.0966(0.2688)
AL 0.94207**(0.0156)  0.9678***(0.0096)  0.9679***(0.0118)  0.9209***(0.0232)  0.9770***(0.0082)
Bs 0.5922*** (0.1815) 0.5269%*(0.2450)  0.5437***(0.1372)  0.7102***(0.1383)  0.4696***(0.1214)
oL 0.0707***(0.0116)  0.0605***(0.0107)  0.0620***(0.0116)  0.0607***(0.0195)  0.0597***(0.0090)
og —0.0094(0.0148) 0.0137(0.0219) 0.0163(0.0197)  —0.0341(0.0228)  —0.0391**(0.0166)
af 0.0135(0.0114)  —0.0197***(0.0075) —0.0110(0.0078) 0.0167(0.0128) 0.0095(0.0085)
aj 0.0412**(0.0178) 0.0240(0.0203)  0.0626***(0.0178)  0.0349**(0.0162)  0.0859***(0.0163)
51 —0.3224*%*(0.0463)  0.5555%**(0.2045) 0.0690(0.2231) 0.1251(0.2359) 0.0263(0.2400)
8o 0.0718(0.2361)  1.7238***(0.1957)  0.9967***(0.2649)  0.6873**(0.2889) 0.7738**(0.3097)
B. Conditions: DJIA FCHI GDAXI N225 AEX
Cax 0.5684 0.0809 0.4081 0.5087 0.3963
Cor. 0.9420 0.9678 0.9679 0.9209 0.9770
Cas 0.5922 0.5269 0.5437 0.7102 0.4696
Cs. 0.4966 0.0752 0.2630 0.2662 0.2798
Cs1, 0.6990 0.6593 0.7386 0.6852 0.7774
Css 0.3778 0.2472 0.2897 0.5971 0.3317
Csu L 0.4631 0.0492 0.3437 0.4163 0.3198
Css 0.3106 0.0119 0.1337 0.3794 0.1312
CsLs 0.4724 0.3670 0.3771 0.5944 0.3898
Ca s —0.3607 —1.9026 —1.0468 —0.6899 —1.0844
CuL —0.2203 —0.1748 —0.1484 —0.2278 —0.1529
Cus —0.5750 —0.8951 —0.9425 —0.3088 —0.8654

Notes: Standard errors are reported in parentheses. *,

respectively.
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and *** indicate parameter significance at the 10%, 5% and 1% levels,



Table A3. Parameter estimates and ML conditions; NIG-EGARCH-M-1 (A) and NIG-EGARCH-M-2 (B)

A. Parameters:

DJIA

FCHI

GDAXI

N225

AEX

c

—0.0851(0.1532)

—0.1890(0.2178)

—0.0308(0.2072)

—0.3982(0.3416)

0.1615(0.1528)

K1, 1.9130***(0.4771) 6.4528***(1.5298) 3.4666***(0.8980) 1.9890***(0.5231) 2.1001***(0.7261)
w 1.1246***(0.1887) 2.3860***(0.2358) 1.7833***(0.2069) 1.5241***(0.1392) 1.3735***(0.2716)
BL 0.9130***(0.0156) 0.9465***(0.0123) 0.9115***(0.0191) 0.8962***(0.0252) 0.9538***(0.0112)
ar, 0.0659***(0.0121) 0.0726***(0.0099) 0.0873***(0.0129) 0.0572***(0.0108) 0.0700***(0.0094)
af 0.0235°*(0.0118)  —0.0219** (0.0095) —0.0031(0.0141)  0.0224***(0.0085) 0.0103(0.0113)
5 178834 (0.2981)  2.5747***(0.1993)  1.9811***(0.2271)  1.4209***(0.2724)  1.8000***(0.2926)
02 —0.5320***(0.0684)  —0.5324***(0.0496)  —0.5245***(0.0567)  —0.3446***(0.0591)  —0.5156***(0.0586)
A. Conditions: DJIA FCHI GDAXI N225 AEX
Co, 0.9130 0.9465 0.9115 0.8962 0.9538
Cs 1, 0.7905 0.8587 0.7794 0.7623 0.8631
Cy, —0.1268 —0.0702 —0.1245 —0.1430 —0.0778
B. Parameters: DJIA FCHI GDAXI N225 AEX

c

—1.5365"*(0.6290)

4.1311%%*(1.2528)

3.5328"** (0.5098)

0.9558(1.9329)

1.7776(1.7020)

KL 1.4408***(0.4798) 4.0614*(2.0830)  —0.7163"*(0.2938) 1.5059** (0.6224) —0.6258(0.8028)
ks 1.7311%%%(0.4741) —1.3268(0.8657) 0.8967* (0.4926) —1.0424(1.7893) 1.4796(1.1212)
w 0.9208***(0.1841)  2.3338***(0.2652)  1.6721***(0.2025)  1.4452***(0.1278)  1.2361***(0.2431)
AL 0.97207**(0.0128)  0.9442***(0.0122)  0.9279***(0.0152)  0.9142***(0.0244)  0.9577***(0.0124)
Bs 0.9273**%(0.0127)  0.9411%***(0.0128)  0.9224***(0.0162)  0.7257***(0.1333)  0.9531***(0.0101)
oL —0.0187*%(0.0091)  0.1163"**(0.0403)  —0.1139***(0.0357)  0.0650***(0.0229) —0.0304(0.0264)
og 0.0777** (0.0164) —0.0497(0.0384)  0.1922"**(0.0417) —0.0373(0.0259)  0.0901***(0.0276)
of 0.0050(0.0051) —0.0385%(0.0201) 0.0157(0.0171) 0.0185(0.0143) 0.0052(0.0067)
aj 0.0242*(0.0127) 0.0203(0.0143) —0.0106(0.0294) 0.0332*(0.0171) 0.0122(0.0146)
5 1.8442%%%(0.2619)  2.6124***(0.1812)  2.0011***(0.2011)  1.3080***(0.2539)  1.9045***(0.2571)
52 —0.5791***(0.0651)  —0.5562***(0.0495)  —0.5579***(0.0516)  —0.2999***(0.0577)  —0.5718"**(0.0565)
B. Conditions: DJIA FCHI GDAXI N225 AEX
Cor 0.9720 0.9442 0.9279 0.9142 0.9577
Cas 0.9273 0.9411 0.9224 0.7257 0.9531
Cs.1, 0.9583 0.8317 0.9358 0.7852 0.9382
Css 0.8083 0.9125 0.7381 0.5513 0.8490
CsL.s 0.8703 0.8754 0.8258 0.6477 0.8864
CuL —0.0230 —0.0814 —0.0394 —0.1268 —0.0337
Cus —0.1164 —0.0518 —0.1526 —0.3085 —0.0873

Notes: Standard errors are reported in parentheses.

respectively.
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s and *** indicate parameter significance at the 10%, 5% and 1% levels,



Table A4. Parameter estimates and ML conditions; QAR-NIG-EGARCH-M-1 (A) and QAR-NIG-EGARCH-M-2 (B)

A. Parameters:

DJIA

FCHI

GDAXI

N225

AEX

c

0.0070(0.1480)

—0.0525(0.1985)

0.0739(0.2006)

—0.9177*(0.5232)

0.1766(0.1489)

¢ —0.2508(0.2937) 0.0711(0.2887) 0.0720(0.3616)  0.8918***(0.0840)  —0.8486***(0.0983)
¥ —0.0225"%(0.0092)  —0.0123**(0.0048)  —0.0154**(0.0073) 0.0077(0.0052) —0.0095*(0.0053)
KL 1.5822%%%(0.3924)  5.7959***(1.4458)  3.1738***(0.8705)  2.5062***(0.6255)  1.8903***(0.6377)
w 1.0322°%%(0.1736)  2.2971***(0.2469)  1.7326***(0.2116)  1.5264***(0.1363)  1.2852***(0.2556)
AL 0.9199***(0.0157)  0.9520***(0.0117)  0.9211%**(0.0187)  0.8840***(0.0274)  0.9541***(0.0114)
o, 0.0706***(0.0121)  0.0739***(0.0099)  0.0907***(0.0127)  0.0523***(0.0114)  0.0718***(0.0095)
aof 0.0237**(0.0112)  —0.0215**(0.0091) —0.0058(0.0135)  0.0284***(0.0093) 0.0124(0.0111)
5 1.5488*%*(0.2917)  2.3557***(0.1948)  1.8166***(0.2349)  1.4860***(0.2829)  1.6732***(0.3007)
5o —0.4981***(0.0673)  —0.5362***(0.0480)  —0.5196***(0.0574)  —0.3586***(0.0602)  —0.5110***(0.0601)
A. Conditions: DJIA FCHI GDAXI N225 AEX
Cas 0.2508 0.0711 0.0720 0.8918 0.8486
Cor 0.9199 0.9520 0.9211 0.8840 0.9541
Cs, 0.0287 0.0288 0.0224 0.7405 0.6531
Cs1, 0.7953 0.8659 0.7908 0.7364 0.8597
Csu L 0.1437 0.1555 0.1306 0.7460 0.7451
Cas —1.8404 —1.8263 —1.9573 —0.1505 —0.2136
CiL —0.1242 —0.0659 —0.1165 —0.1558 —0.0806
B. Parameters: DJTA FCHI GDAXI N225 AEX

c

1.0156(1.4707)

—3.6009%** (1.2992)

0.3488(0.9635)

3.0275(2.5146)

1.1085(0.7845)

) 0.5727"** (0.1263) 0.0939(0.2843)  0.4463***(0.1346)  0.7996"** (0.1320) 0.4091**(0.1605)
P —0.0432***(0.0156)  —0.0157**(0.0066)  —0.0402***(0.0132) —0.0193(0.0124)  —0.0365"** (0.0140)
KL 1.2973*%%(0.3397)  5.8680***(1.5461)  2.4472"**(0.6605) 1.0934%(0.5936)  1.2715%**(0.4343)
ks —0.9393(1.4526)  3.4970***(1.3121) —0.3281(0.9030) —2.6795(2.4803) —0.8218(0.7243)
w 0.9447%%%(0.1593)  2.2348***(0.2673)  1.5300***(0.2117)  1.4283***(0.1293)  1.0632"**(0.2352)
AL 0.9440***(0.0154)  0.9685***(0.0095)  0.9670***(0.0121)  0.9330***(0.0226)  0.9772***(0.0082)
Bs 0.5896"**(0.1812) 0.5388"*(0.2347)  0.5165***(0.1299)  0.7571***(0.1056)  0.4767***(0.1206)
oL 0.0701***(0.0116)  0.0599***(0.0106)  0.0631***(0.0108)  0.0601***(0.0194)  0.0596***(0.0089)
os —0.0092(0.0149) 0.0130(0.0212) —0.0042(0.0174) —0.0321(0.0215)  —0.0395** (0.0167)
af 0.0124(0.0116)  —0.0190** (0.0074) —0.0059(0.0080) 0.0121(0.0142) 0.0089(0.0083)
aj 0.0420**(0.0179) 0.0258(0.0196)  0.0743***(0.0164) 0.0426**(0.0176)  0.0862***(0.0162)
5 1.2156™*(0.2787)  2.1584**%(0.1929)  1.3875***(0.2318)  1.2348***(0.2432)  1.3827***(0.2655)
52 —0.4154***(0.0619)  —0.5602***(0.0498)  —0.4249***(0.0530)  —0.2676***(0.0560)  —0.3989***(0.0574)
B. Conditions: DJIA FCHI GDAXI N225 AEX
Cax 0.5727 0.0939 0.4463 0.7996 0.4091
Cor. 0.9440 0.9685 0.9670 0.9330 0.9772
Cas 0.5896 0.5388 0.5165 0.7571 0.4767
Cs. 0.5006 0.0384 0.3504 0.7492 0.2949
Cs.1, 0.8298 0.9014 0.8843 0.8204 0.9065
Css 0.3536 0.2860 0.2706 0.5968 0.2465
Csu L 0.6410 0.1831 0.5552 0.7819 0.5138
Cs.es 0.4108 0.1012 0.2941 0.6604 0.2547
Cs.1.5 0.5282 0.5032 0.4685 0.6893 0.4465
(7 —0.3551 —1.6820 —0.5380 —0.1454 —0.6239
CuL —0.0985 —0.0462 —0.0604 —0.1027 —0.0524
Cas —0.5420 —0.6411 —0.7019 —0.2705 —0.7584

Notes: Standard errors are reported in parentheses. *,

respectively.
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and *** indicate parameter significance at the 10%, 5% and 1% levels,



