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Motivation

1. United States (US) crude oil production has recently surpassed 12 
million barrels per day (top crude oil producer country in the 
world), which is partly due to the improved fracking technologies.

2. Renegotiation of NAFTA  USMCA

3. Unconventional monetary policy after the 2008 US financial crisis. 

All these events and technological developments are in relation to 
the world crude oil production and US industrial production
relation.
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Contribution

New Seasonal-QVAR and Markov-switching (MS) Seasonal-QVAR
models.

Seasonal-QVAR is robust to outliers; MS-Seasonal-QVAR is robust 
to outliers and it may identify structural changes.

The new models are alternatives to classical Gaussian 
multivariate models:

Seasonal-VARMA

Basic structural model
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Literature on oil price shocks

Baumeister and Peersman (2013): (i) global oil production, (ii) real 
acquisition cost of imported crude oil of US refineries, (iii) US real GDP, and 
(iv) US consumer prices; 1974:Q1 to 2011:Q1. Oil supply shocks have 

negative effects on real GDP.

Baumeister and Hamilton (2017): world crude oil production, world 
industrial production, real crude oil price, and world crude oil stock; January 
1958 to December 2016. Oil supply shocks have negative effects on world 

industrial production.

Kilian and Lütkepohl (2017): world crude oil production, business cycle 
index (global real economic activity), and real price of crude oil; February 
1973 to December 2017. Oil supply shocks have non-significant effects on 
real economic activity.
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Data of this paper: 
February 1973 to April 2019
Sources for crude oil production: (i) Kilian and Lütkepohl
(2017); (ii) Bloomberg (ticker: DWOPWRLD).

Source for US industrial production: OECD.

This dataset includes the following variables:

(i) ��� % change in monthly world crude oil production.

(ii) ��� % change in monthly industrial production.
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Seasonal-QVAR: components

�� = � + �� + 	� + 
�

 � is the vector of constant parameters. 

�� is named as local level: dynamic interaction among the 
dependent variables in ��.

	� is the stochastic seasonality (time-varying amplitude of 
seasonality).


�~�(0, Σ, ν) is the multivariate i.i.d. reduced-form error term 
that updates ��. Σ = Ω��(Ω��)’ is positive definite and ν > 2.
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Seasonal-QVAR: components

�� = Φ���� + Ψ����, where �� (� × 1) is the scaled conditional score 
and Φ (� × �) and Ψ (� × �) are time constant parameter matrices.

The elements of 	� are modelled as 	�,� =  �
!"�,� for # = 1, … , �,

where  � (% × 1) is a vector of seasonal dummy variables and "�,� (% ×
1) is a vector of time-varying seasonal parameters:

"�,� = "�,��� + &�,���,���

where &�,� (% × 1) is a time-varying vector of scaling parameters:
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Seasonal-QVAR: components

&�,� = (&�,�,�, … , &�,',�)′

The representative element &�,),� with * = 1, … , % is:

&�,),� = &�,) if  ),� = 1

&�,),� = −&�,)/(% − 1) if  ),� = 0

This specification ensures that ∑ &�,),�
'
).� = 0, which implies 

that the seasonality component 	�,� is centered at zero. 
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Seasonal-QVAR: scaled score function

The partial derivative of the log of the conditional density with 
respect to �� is

/ 01 2 �� ��, … , ����

/34
=

56�

5
Σ�� × 1 +

74
89:;74

5

��


� =

 =
56�

5
Σ�� × ��

where the last equality defines the scaled score function ��.
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Seasonal-QVAR: structural-form error term

We introduce the multivariate i.i.d. structural-form error term <�:

<� = 
�
5

5��

��/�
Ω

where = <� = 0�×� and Var <� = A�.

The representation of the score function �� by using the 
structural-form error term is

�� = (ν − 2)ν �/�Ω�� ×
B4

5��6B4
8B4
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Seasonal-QVAR: Impulse response 
functions (IRFs)

The impulse response function IRF),� = F��6)/F<� for * = 1, … , ∞ is:

IRF),� = Φ)Ψ ν − 2 ν �/�Ω��H����) for * = 1, … , ∞,

where 

H� =
/

I4

J:KLI4
8I4

/B4


MNOP = QPR S − T S
U

TV�UW(XY�U�P)
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Maximum likelihood (ML) estimation

The parameters of Seasonal-QVAR are estimated by using the 
ML method:

Θ[\] = arg max
a

LL ��, … , �c =

 = arg max
a

∑ ln f(��|��, … , ����)c
�.�

We use the inverse information matrix to estimate the standard 
errors of parameters (Harvey 2013). 
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ML Condition 1

If all eigenvalues of Φ are within the unit circle, then �� is 
covariance stationary. 

Let h� denote the maximum modulus of all eigenvalues.

h� < 1 supports Condition 1.
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ML Condition 2

We use Condition 2 from the work of Harvey (2013, p. 35, 
Condition 2).

Condition 2 is that the score function �� (� × 1) and its first 
derivative F��/F�� (� × �) have finite second moments 
and covariance that are time-invariant and do not depend 
on ��.
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ML Condition 3
Recall the first-order representation of QVAR:

�� = Φ���� + Ψ����

/34

/jkl
= Φ

/34:;

/jkl
+ Ψ

/m4:;

/jkl
+ no)����

/34

/jkl
= Φ + Ψ

/m4:;

/34:;
8

/34:;

/jkl
+ no)���� = p�

/34:;

/jkl
+ no)����

Condition 3 is that all eigenvalues of E p� are inside the unit 
circle (hr metric). 
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ML Condition 4

The information matrix for Seasonal-QVAR includes:

 vec
/34

/jkl

/34
8

/jvw
= p� ⊗ p� vec

/34:;

/jkl

/34:;
8

/jvw
+

vec p�
/34:;

/jkl
no)

! ���� + vec ����
! n�y

/34:;
8

/jvw
p�

! +

vec no)��������
! n�y

!

Condition 4 is that all eigenvalues of = p� ⊗ p� are inside the 
unit circle (hz metric: maximum modulus of all eigenvalues).
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A note on the seasonality component

For the stochastic seasonality component 	�, the conditions 
of ML are satisfied when the parameter matrix 

corresponding to "�,��� is set to the identity matrix as in 

equation "�,� = "�,��� + &�,���,���. 
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Classical alternatives
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Gaussian Seasonal-VARMA: limiting 
special case

Seasonal-QVAR can be related to the Gaussian Seasonal-
VARMA and Gaussian Seasonal-VAR models:

If  { →∞, then 
� → |�(0, Σ
) and ��→ 
�.

�� = � + �� + 	� + 
�

�� = Φ���� + Ψ
���

� = A# − Φ c + Φ���� + Ak − ΦL st + ψ − Φ 
��� + 
�

Seasonal-VARMA form
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Basic structural model: local level

�� = � + �� + 	� + 
�

�� = Φ���� + η� where η�~|�(0�×�, Σ�)

The elements of 	� are modelled as 	�,� =  �
!"�,� for # = 1, … , �

"�,� = "�,��� + ξ�,�, where ξ�,�~|'(0'×�, Σ�,�) i.i.d.

Σ�,� = ��,� × (A' − ��!/%), where ��,� > 0. 

The structure of Σ�,� is such that all rows sum to zero and all columns sum 
to zero.


� is the i.i.d. Gaussian noise term (error term).
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Seasonal-QVAR: components
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MS-Seasonal-QVAR
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MS-Seasonal-QVAR: components

�� = �(��) + ��(��) + 	�(��) + 
�(��)

��(��) = Φ(��)����(��) + Ψ(��)����(��)


�~�[0, Σ(��), ν(��)]

The elements of 	�(��)are 	�,�(��) =  �
!"�,�(��)for # = 1, … , �.

"�,�(��) = "�,���(��) + &�,�(��)��,���(��)

&�,),�(��) = &�,)(��)if  ),� = 1

&�,),�(��) = −&�,)(��)/(% − 1) if  ),� = 0
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MS-Seasonal-QVAR: updating terms

Definitions of updating terms:

���� �� = =[���� ���� |��, … , ����, ��]

����(��) = =[���� ���� |��, … , ����, ��]

"�,���(��) = =["�,��� ���� |��, … , ����, ��]
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MS-Seasonal-QVAR: regimes
�� ∈ �1,2� for all . Unobservable state variable (named regime).

�� is a discrete-valued strictly stationary Markov process with 
transition probability matrix:

Pr �� � 1 �
���

�����
� �∗ 1 (stationary probability)

Pr �� � 2 � 1 + �∗ 1 � �∗ 2 (stationary probability)
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Maximum likelihood (ML) estimation

The parameters of Seasonal-QVAR are estimated by using the 
ML method:

Θ[\] = arg max
a

LL ��, … , �c =

 = arg max
a

∑ ln f(��|��, … , ����)c
�.�

We use the inverse information matrix to estimate the standard 
errors of parameters (Harvey 2013). 
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ML Condition 1
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ML Condition 1
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 recursive equation.



ML Condition 1
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The probabilities in the previous equation are:



ML Condition 1
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By considering all possible values for �� and ���� in the recursive 
equation 

and substituting the conditional probability formulas, we define 
the following matrix: 



ML Condition 1
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C1 (condition of covariance stationarity of ��): The 
maximum modulus of all eigenvalues of this matrix is less 
than one.



ML Condition 2

Technical condition:

for � = 0,1,2; *, #, � � 1, … , �; �� = 1,2.
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ML Condition 3

By using arguments that are similar to the arguments for 
(C1), we define the following matrix: 
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ML Condition 3

C3: The maximum modulus of all eigenvalues of this matrix 
is less than one.
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ML Condition 4
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ML Condition 4

By using arguments that are similar to the arguments for 
(C1) and (C3), we define the following matrix:

C4: The maximum modulus of all eigenvalues of this matrix 
is less than one.
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Components: high-volatility regime
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Components: low-volatility regime
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Conclusions

IRF results in relation to: Baumeister and Peersman (2013); 
Baumeister and Hamilton (2017); Kilian and Lütkepohl (2017).

Statistical performance of MS-Seasonal-QVAR is superior to 
Seasonal-QVAR and Gaussian alternatives.

Possible alternative: Score-driven versions of vector threshold 
autoregressive (VTAR) and vector smooth transition 
autoregressive (VSTAR) models (motivated by the smoothed 
probability estimates).
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